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The transport, trapping, and subsequent detrapping of charge in single
crystals of semi-insulating cadmium zinc telluride (CdZnTe) has been ana-
lyzed using multiple-scale perturbation techniques. This method has the
advantage of not only treating impulse charge generation typical in spectro-
scopic analysis, but also a large class of continuous generation sources more
relevant to high-flux x-ray imaging applications. We first demonstrate that
the multiple-scale solutions obtained for small-current transients induced by
an impulse generation of charge are consistent with well-known exact solu-
tions. Further, we use the multiple-scale solutions to derive an analytic gen-
eralization of the Hecht equation that incorporates detrapping over times
much longer than the carrier transit time (i.e., delayed signal components).
The method is then applied to a continuous charge generation source that
approximates that of an x-ray source. The space—time solutions obtained are
relevant to detector design in high-flux x-ray imaging applications.
Throughout this work the multiple-scale solutions are compared with exact
solutions as well as full numerical solutions of the fundamental charge con-

servation equations.
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INTRODUCTION

High-efficiency high-resolution room-temperature
radiation detectors based on semi-insulating cad-
mium zinc telluride (CdZnTe) are currently being
used in a wide variety of medical, industrial, secu-
rity, safeguards, and scientific x- and y-ray imaging
and spectroscopic applications. Single crystals of
CdZnTe, like many high-resistivity semiconductors,
have localized traps within the energy band gap
that significantly affect the transport of excess free
charge through the detector. While the trapping
dynamics induced by these defect states often
degrade the performance of CdZnTe detectors in
low-flux spectroscopic applications (<10° photons
mm~* s7'), they may completely paralyze a detector
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under high-flux conditions (:>10° photons mm 2 s %)
often encountered in x-ray imaging applications.
Paramount to the successful design of semiconduc-
tor radiation detectors in such a wide range of
applications is an understanding of how the space—
time carrier dynamics depend on a rather large set
of variables that include, for example, material
parameters (e.g., electron and hole lifetime-mobility
products y.t. and pyt,), detector geometry (e.g.,
surface area and thickness), and operating condi-
tions (e.g., bhias voltage, temperature, and source
energy spectrum).

The transient response of both insulators and
semiconductors has been extensively studied in the
limit of small impulse signals. Though neglecting
the detrapping of carriers, and only considering
times less than the transit time, the transient signal
analysis of Hecht' is widely used today to determine
material properties of high-resistivity materials.
Analysis by Blakney and Grunwald? includes the
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detrapping of carriers, but remains valid only fm
times less than the transit time. Zanio et al®
included detrapping, and used Laplace transforms
to extend the small-signal current transient analy-
sis beyond the transit time of the charge cloud.
Their work allowed for a more extensive study of the
delayed components of the induced signal from a
small impulse of charge. All these works, however,
consider only linear dynamics in which the material
is excited by a small instantaneous pulse of free
charge. The analytical analysis becomes intractable,
in fact impossible, in the approaches mentioned
above if the source of free carriers is significant and
continuous, as it is for most high-flux x-ray sources
used for imaging applications. One must turn to
perturbation or numerical approximations to study
such dynamics.

In this paper we use multiple-scale perturbation
techniques applied to the fundamental equations of
charge conservation to develop the space—time
dynamics of both free and trapped carriers within
semiconducting radiation detectors. While the
method is general and applicable to any semicon-
ductor, we apply it here to semi-insulating CdZnTe,
a leading candidate material for room-temperature
semiconductor radiation detectors. The method
incorporates the transport, trapping, and sub-
sequent detrapping of charge over arbitrary periods
of time. Perhaps the most powerful aspect of this
technique is that it is capable of incorporating a
wide class of generation sources that includes the
impulse generation of small charge clouds as well as
the continuous generation of charge from x-ray
sources.

In the section “Governing Equations” we introduce
the fundamental equations of charge conservation
and present two critical choices of scale, one for fast
carriers (1. e, electrons in CdZnTe with -
lte ~ 1000 cm? V s ') and the other for Slow can]-
ers (i.e., holes in CdZnTe with sy, ~ 80 em® V- 's™ 1),
The multlple -scale technique is applied to Gmall -sig-
nal current transients in the section “Small-Signal
Current Transients”. We compare the results of the
present method with full numerical Solutlons as Well
as exact solutions derived by Tefft,” Zamo et al.,?
and subsequently used by others.*® In the sec-
tion “Small-Signal Current Transients,” we also use
the multiple-scale solutions to derive an approxi-
mate, but analytic, generalization of the Hecht
equation that includes detrapping, and is valid for
times much longer than the carrier transit time. Our
expression for the induced signal is in closed analytic
form, and accurately predicts the transient signal
over a significant temperature range.

A major benefit of applying multiple-scale per-
turbation techniques to charge transport problems
in semiconductors is the fact that, unlike the exact
solutions discussed in the section “Small-Signal
Current Transients” that are restricted to small
impulse sources, the methods developed here can be
used to generate analytical solutions for more

general continuous generation sources. In the
section “Continuous Generation Source” we apply
the method to a problem in which the source
approximates that of a continuous x-ray generator.
We demonstrate that the multiple-scale technique is
capable of providing a first-order description of the
space charge that builds in time when CdZnTe
detectors are subjected to high-flux x-ray sources.
Though polarization phenomena has long been
attributed to the presence of space charge,”
the analytical solutions derived in the sec-
tion “Continuous Generation Source” have recently
been applied' to develop a more fundamental
understanding of the maximum sustainable x-ray
flux within CdZnTe, and in particular, how it
depends on critical material and detector design
parameters. In addition to this, these solutions have
also been used to describe two-dimensional lateral
polarization effects within CdZnTe detectors
subjected to high-flux x-ray sources.'®'® As we do
for solutions found in the section “Small-Signal
Current Transients,” the analytical results pre-
sented in the section “Continuous Generation
Source” are compared with full numerical solutions
computed using flux-conservative wave propagation
algorithms designed for carrier transport with
spatially varying electric fields.'®'”

GOVERNING EQUATIONS

In the present work, we consider the transport,
trapping, and subsequent detrapping of excess
charge within a parallel-plate CdZnTe detector of
thickness L that is subjected to a constant bias V.
The material is assumed to be a single-crystal and
homogeneous with a bias voltage large enough that
diffusion currents can be neglected relative to the
drift currents. We denote the free carrier concen-
tration by U [em ?], and the trapped concentration
by Ulem~?], so that the free, and trapped carrier
concentrations in excess of equilibrium values are
AU = U — U,y and AU =U — Uy, respectively. The
relevant physical equations that govern the
dynamics of a single carrier type within the crystal
are the conservation of charge equations, togethel
with the Poisson equation for the electric potential,'®

OpU + kpdz (EU) = ——l—AU -+ —AU + ¥ (1a)
or ™
1
dTU—QAUf—AU (1b)
™

oo =L (AU+AU), E=-00, (o
€0

where we have denoted partial derivatives by
dy = d/0X, and x= 41 is the sign of the charge on
the free carriers. In the above equations, and in
what follows we denote the following dimensional
variables: space Z [em], time T [s], the electric
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potential @ [V], the electric field £ [V/em], and
charge generation source W [em s !]. As the
above equations indicate, the Z-axis has been cho-
sen such that the cathode is located at Z = 0, and
the anode at Z = L, thereby requiring that the
electric field point along the negative Z-axis.

The trapping time, vy, of the free carriers in
Eqgs. 1la—1cis defined in terms of the ionized fraction
of a single defect state

- e
1 U 1
I = % 1—— ~ = (2)
alU* U~ aU*

where ¢ is the trapping cross section, ¢ the thermal
velocity, and U is the total concentration of defects.
In Eq. 2 we have assumed that the concentration of
trapped carriers is small compared with the total
concentration of defects so that U/U" <« 1, and 7 is
constant, as shown on the right most side of Eq. 2.
Detrapping of charge is driven by thermal excitation
so that

p =v~1 exp (f—,;_) (3)

where v is an escape frequency typically defined in
terms of the detailed balance of thermal equilib-
rium, E; is the ionization energy of the defect level, 2
is the Boltzmann constant, and 7 is the tempera-
ture.

A proper multiple-scale analysis of Kqs. la-lc
requires a nondimensional scaling of the equations
to reveal, and make use of, the relevant small
parameters. To this end, we introduce a length scale
L to nondimensionalize the space variable Z, and a
time scale t to nondimensionalize the time T in the
following way

Z T
=7, t--T. (4a)
where we follow the convention of Ref. 19 and
denote nondimensional quantities in lower case.
The constant equilibrium concentrations of both
free and trapped carriers U,,, and U, are used to
define nondimensional dependent variables that

measure the deviation from equilibrium

ug,t) = 2@ D ~Uea 50y UGT) - Uy
UECI Ueq

(4b)

Finally, a nondimensional electric potential and free
carrier generation source can be defined in the fol-
lowing way

Oz, T) T

Pz t) = v Wz, t) = 0
eq

Y(Z,T), (4c)

where we have made use of the device operating
bias voltage V. Definitions (4) can be used in
Eqgs. 1a—1c, resulting in a set of scaled equations
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. : T T
O+ kadyle(u+ 1) = ——u+n—ua+ 1 (5a)
T ™D
1
Qi =-—u— "4 (5b)

P = —xy(u+ i), e = —d,p, (5¢)

where we have introduced the nondimensional
parameters

(6)

We point out that, to this point, there has been no
mention as to the carrier type (i.e., electron or hole)
that Eqs. 5a—5c describe. In fact, for a single defect
level, the system governs the dynamics of either
equally well. However, the dominance of various
terms in Eqs. ba—5¢, and therefore their influence
over the space—time dynamics does depend on the
particular choice of scaling for the independent
variables in Eq. 4a. Therefore, in the remainder of
this section, we introduce two distinet choices for
these scales, one appropriate for electrons and the
other for holes.

The need for two distinct scales stems from the
fact that typical values for the electron mobility in
semi-insulating CdZnTe at room temperature
are Jie ~ 900 em* V1s™! to 1100 em? V1Y
while the hole mobility is much lower, u. ~ 60
em® Vs ! to 80 em? V7! 571, so that at the same
bias voltage the electrons travel much faster than
the holes. For this reason we refer to the electrons
as “fast carriers” and holes as “slow carriers.” In
addition to the carrier speed, the mean trapping
lifetime of electrons in CdZnTe is also longer than
that for the holes. As a result, a typical range of
values for the electron mobility-lifetime product
iS fteTe ~ 83 x 1072 em?®* V! to 11 x 1073 em? V7,
and for holes the range is much lower at
ity ~ 0.5 x 1075 em? V't to 5 x 107 em? V.
This discrepancy in mobility-lifetime product pro-
vides a clear choice for the appropriate scaling for
both fast and slow carriers,

Scaling for Fast Free Carriers

A 3-mm-thick CdZnTe detector with u.t. =
0.005 em? V~! that is biased at 300 V has an elec-
tron transit time of 7., ~ 300 ns, while the trapping
time is 77 = 1, ~ b us so that t./t¢, ~ 15. This means
that, on average, electrons for this detector are
capable of traveling ~15 times the detector
thickness before trapping. Figure la depicts the
space—time history of an electron cloud created at
the center of such a detector and moving to the
right. In this figure, time increases vertically and
only a few electrons are trapped during transit,
which is indicated by the vertical dotted lines in the
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(a) carrier trapping and transit

(b) charge induced signals

Fig. 1. (a) A space-time diagram for the transport of both electrons (right) and holes (left) from an interaction point Z,. The stationary trapped
carriers are depicted by the vertical dotted lines. (b) Induced signals resulting from the carrier dynamics depicted in (a) as though each carrier
transited the entire detector thickness. The electron signal with no detrapping is shown as a dashed line (i.e., the classical Hecht equation), while
an electron signal that includes detrapping, and for which we have taken . = 1, is shown as a solid line. The signal induced by holes is shown

as a dash-dotted line and on a compressed time scale.

plot. These electrons are detrapped at a later time
and continue their journey to the collecting elec-
trode, inducing delayed signal components along
the way. The induced signal for electrons generated
at the cathode plane is depicted by a solid line in
Fig. 1b. In this plot, we have chosen a reduced
electron lifetime of 7. /7y & 1 in order to increase the
delayed signal for demonstration purposes. We also
point out that the electron transit time is denoted by
74 = T in Fig. 1b so as not to be confused with the
transit time of the holes 1, = T}, to be introduced in
the section “Scaling for Slow Free Carriers”. The
electron induction shows that, even with such a low
electron lifetime (i.e., e = 14,), a significant fraction
of the electrons arrive at the anode plane in a time
equal to the transit time, indicating that 7. is a
natural time scale for fast electrons,

L2

T=Ty =

Ignoring shallow and mid-level traps, the detrap-
ping oceurs on a longer timescale than trapping so
the ratio of trapping to detrapping time is a natural
small parameter, denoted here by ¢. This scaling is
used in Eqgs. ba—bc, together with a substitution of
the generic notation for number density pair {u,u}
to that for electrons denoted by {n.n} to yield the
scaled system for fast carriers

n — hle(n+ 1) = f?n + nen (8a)
e
P 1. S (8b)
0 Te
0;29’) =y(n+nyn), e=-—0d,¢. (8c)

In the above system we have set ik = —1 because of
the negative charge possessed by electrons. We
point out that for fast carriers the small parameter,
€, appears in front of terms that couple the free and
trapped carrier dynamics.

Scaling for Slow Free Carriers

The same time scale, however, is not appropriate
for the slow-moving and rapidly trapped holes in
CdZnTe. As an example, we consider the same
3-mm detector, once again biased at 300 V, but now
we consider the transport of the holes
with g1, = 3 x 10°° em? V7', The transit time for
the holes is 7, ~ 4 us, and the trapping time is
r = 1, ~400ns or less, so that 7/t ~ 0.1. This
means that, on average, the holes travel only 10% of
the detector thickness before trapping. Considering
a relatively shallow hole trap, the space—time tra-
jectory for holes with . > 1, + tp is depicted in
Fig. 1a, where the entire cloud of holes travels only
a short distance before trapping. As indicated in this
figure, once they detrap, they travel only a short
distance before being trapped again. In this way,
the effective transit time 7.4 is extended well
beyond that defined by the hole mobility
1 = Ty = L?/(1,V). This slower effective hole speed
in well known,” and we explore it in detail in what
follows. An example of the resulting induced signal
is shown as a dot-dashed line in Fig. 1b. We point
out that the slope of the signal is governed by the
effective hole speed, but that the signal is of full
strength at the effective transit time T.¢ due to the
fact that no holes are left trapped in the crystal.

The example above clearly indicates that it is the
trapping time, not the transit time, that provides a
relevant timescale for the holes in CdZnTe,

oV

* =3 (9)

1= 1T = Th, =ek 1.
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The small parameter ¢ physically represents the
fraction of the detector thickness that the holes
travel in one trapping time. We substitute the
scaling (9) into Egs. ba—5c¢, together with a substi-
tution of the generic number density pair {uz.u} toa
pair denoting holes {p,p} to arrive at the scaled
equations for slow carriers

op + cdsle(p + 1) = —p -+ ;'—,6 + (10a)
D
1
B Spin (10b)
n 35

Bp=—y(p+np), e=-0¢, (10c)
where we have set k= + 1 since the holes have
a positive charge. The scaling for slow carriers
no longer has a small parameter in front of the
coupling terms on the right-hand side. Instead,
it appears in front of the transport flux term as
one might expect. We will show that this has an
effect on the dominant dynamics for the slow
holes.

SMALL-SIGNAL CURRENT TRANSIENTS

A great deal of work has been done to analyze
the dynamical system described by Egs. la-lc
under the simplifying physical assumption that
only a small amount of free charge is instanta-
neousl;/ introduced as an impulse initial condi-
tion.>~" This simplification implies that the
deviation of carrier concentrations throughout the
evolution is small compared with that needed to
significantly change the electric potential within
the detector. Under this assumption, Eq. lc is
decoupled from Egs. 1a and 1b, and the relevant
physical system is reduced to the charge conser-
vation equations

_ 1.
UﬂHwMMMﬂ:—%AU+rAU+W (11a)
T D

%U:lAU*iAU (11b)
T ™

The electric field is assumed to be spatially uni-

form and constant in time so that K= — V/L (or

e = —1). Further, in this section we neglect

any field nonuniformities due to device contact

barriers.

Solutions for carrier transport, trapping, and
detrapping in a single-trap system were first found
using probabilistic arguments by Tefft." Following
this work, Zanio et al.” used Laplace transforms to
develop an exact solution to Eqgs. 11a and 11b for
a specific impulse generation source, namely
W =U(T)é(Z). A generalization of their solution to
interactions at an arbitrary depth Z, € [0,L] can be
written

Bale and Szeles

L SN\ _u ¢h($) P
= exp (I\ rT){()(T—th)+“_—2(T+K;)H(T+I\g)

( T—&-m:)}
xexp| — -

(12a)
vzT)y 1L, . 4 ¢ T4+l
= —— I (EYH(T + x K— — =,
D) 1L e cyoe (- T5)
(12h)

where [, and I, are the hyperbolic Bessel functions
of order zero and one, respectively. In the above
equations, we have made use of the definitions

L
2

;2%—“(T+@@. (13)
TTD

._(Z—Zo)L

jny

e

as well as introduced the Heaviside step function
H(x) defined by

0 x<0
Hix)=+ % %=1, (14)
1 x>0

Solutions 12a and 12b will provide a comparison for
the solutions obtained in what follows through
multiple-scale analysis.

To that end, for the remainder of this section we
focus on two examples, one for fast electrons and the
other for slow holes. The charge generation source is
taken to be that of an impulse so that we may
compare the multiple-scale solutions with the exact
solutions (12). The relevant parameters for both
examples are summarized in Table I. The first
example is for fast electrons with a detrapping time
roughly 25 times longer than the trapping time, so
that ¢ = t/tp ~ 0.04. The trapping time is taken to
be roughly equal to the electron transit time,

Table I. Material and Detector Parameters for Fast
Electron and Slow Hole Examples

Example I Example I1

Fast electrons Slow holes
Parameter Units Value

7

I cn 1000 80
r Ve 2.99 x 1077 2.99 x 1077
™ s 7.24 x 1076 1.34 x 1077
Tyy s 3.0 x 1077 3.75 x 1078
L mm 3 3
2o mm 0 3
% Vv 300 300
€ - 0.0413 0.0265
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Te A2 Ty, Mmeaning that carrier trapping is significant
and cannot be ignored. The second example is for
slow holes in which the carrier transit time is
roughly 12 times larger than the trapping time so
that the small parameter defined in the sec-
tion “Scaling for Slow Free Carriers” has the value
¢ = pytnV/L? =~ 0.03. We now proceed to present
detailed multiple-scale solutions for both examples.
These approximate solutions are compared to
the exact solutions (12), as well as full numerical
solutions using flux-conservative wave propagation
algorithms.'®'"?° For more examples of multiple-
scale techniques, the reader is referred to Ref. 19,
and references therein.

A Pulse of Fast Electrons

In this first example, we consider fast electrons in
a 3-mm detector biased at 300 V with a trapping
time nearly equal to the transit time, 7, ~ 14, =
300 ns. The detrapping time, on the other hand, is
taken to be much longer, tp =7.24 us. Figure 2
shows the space-time evolution of the exact solu-
tions (12) for an impulse of electrons deposited at
the cathode zo = 0, over a time ranging from a tenth
of the electron transit time, to 1,000 transit times.
Note that the pulse of electrons can be seen to
trap during transit in the plot of U(Z,T) in Fig. 2a.
Figure 2b shows the trapped concentration of elec-
trons, U(Z,T). Once the pulse has exited the
detector, a steady stream of detrapping electrons
keeps both free and trapped concentrations at the
anode plane (z = 1) relatively constant. At later
times, however, this stream wains, and the trapped
concentration vanishes.

The appropriate scaling for a multiple-scale
approximation is that of the section “Scaling for
Fast Free Carriers”

on + o.n = — Trin + neti (15a)

e

(15b)

oo 1Lty .
Ol =——n — €n,
N Te

where, in light of system (11), we have assumed a
uniform and constant electric field e = —1. We con-
sider an impulse source of N electrons at z = z; s0
that 1y =N3(¢)d(z — zg). which, due to the Dirac delta
function in time has been replaced in Eq. 15a by the
initial conditions

n(z.t = 0%) = Ni(z — zg) (16a)

n(z,t=0%)=0. (16h)
It is Egs. 15a and 15b that we now solve in con-
junction with the initial conditions (16).

We begin our multiple-scale analysis by taking
advantage of the fact that there are two distinct
time scales in this problem. The first scale is a fast
time scale defined by the transit of the electrons,
and is denoted by {7 = £. The second is a slow time
scale defined by the detrapping of electrons, and is
denoted by t; =aet, where ¢ = 1,/tp < 1 and «a is an
O(1) constant independent of e. These timescales are
considered independent and define a two-scale per-
turbation expansion for the free and trapped elec-
tron coneentrations

niz.tie€) = nolz,t1.ty) + eni(z.t1.t3) + 0(2) (17a)

iz, t ) = Aglz, b, ta) + iz, tr,t2) + O(2), (17b)

respectively. Substituting the expansions (17)
into Eqs. 15a and 15b, and noting that the time
derivative transforms as d, = &, + aedy,, we find that
ng and no must satisfy the following problem

0(1) Problem:

Oy no + dong = —Eno (18a)

Te

free carriers

0.0 0.2 04 0.6 0.8 1.0
cathode anode

zZ/L
(a) conc. of free electrons

trapped carriers
1o 1y7
2 ) ”1 U
0.1
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(b) conc. of trapped electrons

Fig. 2. Space-time evolution of the exact solutions to Egs. 11a and 11b. The trapping time is taken to be nearly equal to the transit time

7e ~ Tir = 300 ns, and the detrapping time is much longer tp = 7.24 ps.
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. 174y
O fig = J—j%ng (18h)
(-}

no(z,0,0) = N(z —zy), 17p(2.0,0) = 0. (18¢c)

We point out that Eq. 18a naturally decouples from
Eq. 18b and can be solved independently using
characteristic variables. The result is

no(z, t1,t2) = C(07 . t3) exp (—?tl). (19a)

where we have defined the right-going characteris-
tic variable 0" =z —z5 — ¢1. So far, this solution is
simply a right-traveling wave with exponential
decay along characteristics.

The function C(07ts) in KEq. 19a is arbitrary
except for the fact that it must be consistent with
C(0",t3 =0)=Rd(z — 2z9) so that the initial conditions
(16a) are satisfied. A natural choice for C is that it is
separable and has the form

C(0" . ty) = No(0")f (ta). (19b)

requiring that the function f satisfy flite = 0) = 1.

The solution for ng can now be used on the right-
hand side of Eq. 18b, and the resulting equation can
be solved for the trapped concentration ngy. The
solution that results has the form

N 14y e
20 p(tg)e o [H ()
Nt

e

folz, t1, ts) = —H(0%)]. (20)

where we have defined y =z — 2o for a simplified
notation in the formulas that follow. At this point,
we have the O(l) solutions up to the arbitrary
function fltg). In order to finalize the O(1) prob-
lem, however, we must turn to the O(e) problem,
and set the functional form of fi{z) by eliminating
secular terms at that order. This system can be
written
O(¢) Problem:

O,n1+ dng = u?nl + g — O,ng (21a)
e
. 1 Ttr . . .
iy = ——n1 — {Q,no +no} (21b)
1 Te
n1(z,0.0) =0, ni(z.0,0) =0. (21c)

We point out that, due to the presence of the
Heaviside step functions in Eq. 20, the first-order
trapped concentration ng is independent of #; once
the pulse of electrons has exited the detector. Con-
sequently, the last two terms in curly brackets on
the right-hand side of Eq. 21b constitute secular
terms and must be eliminated. We can easily elim-
inate these secular terms by choosing

Of(ta) +ft2) = 0, (22)
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which yields the functional form flis) = exp (—ta).
This choice of f satisfies flis = 0) = 1 as needed for
the initial conditions (16a). Putting this together
with Eqs. 19a and 19b finalizes the O(1) solution

no(z, t1,ta) = RS0+ )e *t1et2 (23a)

N 14y e
=~ W [H(y)

Te

Ao(z.t1.t2) —H(0*)]. (23b)

As expected, the solution for the free electron
concentration in KEq. 23a depends on the detrap-
ping time scale t,. However, the presence of the
delta function means that, not only do free elec-
trons only exist along characteristics 0" = 0, but
the free electron concentration at this order van-
ishes identically for times greater than the electron
transit time. Physically, of course, we expect elec-
tron detrapping to generate free electrons at all
spatial locations at which they have been trapped,
for times well beyond the time it takes for the
pulse to transit the detector. The fact that these
dynamics are missing in Eqgs. 23a and 23b is sim-
ply a limitation of the O(1) solution, and we now
proceed to the next order to recover these expected
dynamics.

In a manner similar to the first-order solution, we
solve for n; by substituting Eqgs. 23a and 23b into
Eq. 21a, and use the characteristic variable 0" to
integrate the result. After applying the initial con-
ditions (21c¢), we find the solution

ni(z.ty.ta)

::R{“tu%8+>kﬁkxf‘8”“ﬂfﬂ /) - Eﬂe*ﬂ} -

(24)

This solution for n; can now be substituted into
Eq. 21b, and using the fact that our choice of C(0*,t,)
has forced the terms in brackets on the right-hand
side to vanish, we can easily integrate to find

n'.l(z iy 52)
R\Tt‘{tl[alegy}Jra ‘I{z(al)}f}
I Te Te
x etz ”-[H( ) — H(6")). (25)

Having both O(1) and O(¢) solutions in hand, we are
in a position to use the perturbation expansions (17)
to write down the full solution for both n(z, ¢) and
7i(z.t), and the result valid to O(¢?) is

n(z,t)
R g e ) st e
_x\{(l ra t)()(() e

e H () - HOO) Je 4 0(@)
™D

(26a)
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n(zt)
- Mt"{lJrTEt {aﬁ 1—&—&4 +a2—€mzzi(a—l)x}
] Ta m Te D D T
x e e [H(z)—H(0M)] +0(c2), (26b)

where an appropriate choice for the value of the
parameter a will be discussed at the end of this
section. We point out that the solution for the free
electrons (26a) now contains a term that no longer
vanishes when the electron pulse exits the detector.
This term represents the continuous detrapping of
electrons throughout the detector over a long time
scale defined by the detrapping time .

Figure 3 compares the multiple-scale solutions
(26) to the exact solutions (12) through 1,000 elec-
tron transit times for this example problem. The
exact solution for the free electron concentration of
Eq. 12a is shown in Fig. 3a, and that for the trapped
electron concentration of Eq. 12b is plotted in
Fig. 3b. In Fig. 3¢ and d, we have included plots for
the analogous multiple-scale solutions of Egs. 26a
and 26b, respectively. The transit of the initial
pulse, as well as the pulse decay due to trapping is
clearly visible in both the exact and multiple-scale
solutions. Plots of the difference between the exact
and multiple-scale solutions for both free, and
trapped carriers are plotted on a logarithmic scale
in Fig. 3e and f, respectively. As one can see from
these plots, the error in the perturbation solutions is
small relative to the exact function values
throughout the detector, and well beyond a single
electron transit time.

Charge Induction

The exact solutions (12) include detrapping of
carriers, and are valid for times longer than the
transit time. Therefore, it seems natural to use the
free carrier concentration, Ulzt), in Eq. 12a to
compute the fraction of induced charge

T L
;(T):/ /U(Z’.T’);E(Z’)%dZ’dT’, 27)
JOJO

thereby generalizing the Classical Hecht equation
by including detrapping over long time periods.
Unfortunately, the presence of the hyperbolic Bessel

T

( 2
T
(1— e 1
Tor™D  TtrTD
slt)

N Ttr

TtrTD

4o BB [(1+(1zn)rtr)e_;-{f”"z“’—l}e
at, Te

(a - 1)) (1 —e’—*f’) +ETTE_, (1

'5—1 * _ N 5 . e r B
(Ga Ha—1) ToT )(1—8 :.(1_“”) o (1_20)((3‘ 1)L+l>e Ar(1—zp)
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function in Eq. 12a prohibits a closed-form evalua-
tion of the integral (27) for times greater than the
transit time. Consequently, one must turn to
numerical or asymptotic analysis to evaluate (27)
beyond the transit time.

The multiple-scale solution for the free electrons
(26a), on the other hand, does not contain the
hyperbolic Bessel function, and therefore allows for
a closed-form evaluation of the charge induction
integral (27). To that end, we begin by computing
the total number of free electrons within the detec-
tor at any time {, and denote this by

51
n(t):/ s s, (28)
J0O

Using the multiple-scale solution (26a) in the above
integral and integrating the result yields

5 _ ;
ﬂ2=iLfWL1frg+m—nﬁt
I DTty DTy ™
g te Ttr
% HL —zg —4) = —2 | 14251 — 2]
TD Tty Te

y 37”'%%_:7‘5”72“}}1(71 20 +1), (29)
where we have defined the new time scale
1 1 A
—=Ziq (30)
T Te T TD

Equation 29 represents the total excess number of
free electrons in the detector, and is compared to
full numerical solutions at three different temper-
atures in Iig. 4. The multiple-scale expression (29)
is shown as a solid line at each temperature, while
the full numerical solution is shown as squares at
20 K below room temperature, circles at room
temperature, and triangles at 20 K above room
temperature. The time at which the pulse of
electrons exits the detector is denoted by the end of
the transit period, and is well captured by both
solutions. It is once again clear from this plot that
the multiple-scale solution is accurate for times
much greater than the electron transit time, and for
a range of temperatures,

The fraction of induced charge can now be com-
puted by integrating Eq. 29 in time to yield

T Tir
—(a—1)=te™=*
™

—e*#) 0<t<1— 2z,

- . (31)
2 ’ t>1—2z

—ley

™
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Fig. 3. A comparison of the space-time evolution of, the exact Eqs. 12a and 12bin (a) and (b), and the multiple-scale solutions (26) in (c) and (d)
for the first example defined by parameters in Table |. The difference of the two solutions is shown for free carriers in (e), and for trapped carriers

in (f).

This expression represents a generalization of the
Hecht equation that takes into consideration
detrapping of electrons for times greater than the
transit time. Of course, the classic Hecht equation
can be recovered from Eg. 31 if we assume no
detrapping tp — oc, which forces r, — 7. by defi-
nition (30). Taking this limit results in the expres-
S101

- e 0<t<l-—z
lim == h =E= G (32
m—r N T | 1 — PRI I % 20, !

which is the familiar Hecht equation with no
detrapping of the electrons.

Figure 5 compares the expression for the induced
charge (31) with a full numerical solution for an
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excess free electrons in the detector after the pulse is generated at the
cathode (2, = 0). The multiple-scale solution in Eq. 29 is shown at all
three temperatures as a solid line, while the full numerical solution is

shown as squares at 20 K below room temperature, circles at room
temperature, and triangles at 20 K above room temperature.

1.2 L e

transit detrapping

1.0 1

0.8

Qt)/R 087
] Num. Exact (316 K)
0.4 - Num. Exact (296 K) E
B Num, Exact (276 K)
0.2 4 — Multiple Scale -
=== No Detrapping 1
0.0 faeedd”’ M —
0.01 0.1 1 10 100 1000

L:l

T/ Vite

Fig. 5. Induced signal at three different temperatures for an inter-

action at the cathode plane. The multiple-scale expression in Eq. 31

is shown as a solid line at all three temperatures, while the full

numerical solution is shown as squares at 20 K below room tem-

perature, circles at room temperature, and triangles at 20 K above
room temperature.

interaction occurring at the cathode plane. Once
again, the figure shows the solutions at three dif-
ferent temperatures, namely room temperature and
20 K above and below room temperature. The mul-
tiple-scale expression for the induced charge is
shown as a solid line, while the full numerical
solution is shown as squares at the low tempera-
ture, circles at room temperature, and triangles at
the elevated temperature. The classic Hecht equa-
tion (32) is shown as a dot-dashed line for compar-
ison. We point out that the multiple-scale
expression is very good at the lowest temperature as
well as at room temperature. At the elevated
temperature, however, there is a slight deviation
from the exact numerical solution. In fact, at the

highest temperature, the multiple-scale expression
for the induced charge does not asymptote to exactly 1.
The reason for this is that, as the temperature
increases, the detrapping time exponentially
decreases as described by Eq. 3, and seen in the
detrapping timescales of Fig. 5. Since ¢ = 1J/1p 18
inversely proportional to the detrapping time, it
increases exponentially with temperature. Recall
that ¢ is the small expansion parameter for the per-
turbation solution that defines (¢) in Eq. 31, so as it
becomes larger the solution becomes less accurate.
Nonetheless, there is very good agreement in the
induced charge between the numerical and multiple-
scale solutions over many electron transit times,

So far, we have not made clear our choice for the
value of the constant parameter a that was used in
the examples shown in Figs. 4 and 5. To that end,
we point out that if we add Eq. 15a to 5 times
Eq. 15b, and integrate over the detector we get

1
, / (n+yr)dz = —n|,_; +nl,_,, (33)
J2=0

which states that the total number of electrons
within the detector decreases in time only due to the
flux of electrons leaving the detector through the
anode at z = 1. Of course, this assumes no electrons
are being injected at the cathode so that nl,_o = 0.
Therefore, the loss of electrons, and hence the
induced charge, will depend on our choice of the
slow time scale through the multiple-scale expansion
for n. In particular, because the first term of the
expansion for n on the right-hand side of Eq. 33 is
ng ~ O(1), which depends on {3 = aet as seen in
Eq. 23a, even the charge induction at O(1) for the
electrons will depend on our choice of the slow time
scale. With this in mind, we choose the parameter a
to “tune” the slow time scale and force the O(1)
contribution to the charge induction to conserve
charge so that ¢(#) —~ 1 —zp as ¢t — oo. Mathemat-
ically, this is done by first taking the limit of Eq. 31
as t — oo, followed by a limit as ¢ — 0, or
equivalently tp — oo for fixed .. The result is,

lim (lim ;(”)
ip—oo \f—oc N

=N —2ZQ
:E a+1 (1 *em%ul—zm) i 720)&67%‘,‘4(1*20) .
Tty a ate

(34)

where we note that we have used the fact that
T, Tease — 0asrequired by Eq. 30. Solving the
above expression for the constant a gives

1= [1+4 (1 — z9) W7 (l—20)
] L et . (35)

—‘{-_L(lfznl

(] —zp)—1+e

Ta \

which depends only on the trapping time, electron
transit time, and depth of the interaction. We point
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Fig. 6. Space-time evolution of the exact solutions (12). Material parameters for this second example of slow carriers are summarized in Table |.

out that, in order to set the value of a, one only
needs experimental estimates for the carrier
mobility and lifetime-mobility product, both of
which are readily available in general.

A Pulse of Slow Carriers

Despite an impressive improvement in single-
crystal growth techniques for CdZnTe that have
produced high electron transport mater 1a1 (i.e. o elec-
tron mobility-lifetime pmduct teTe > 1072 ecm®* V1)
over the past decade,” hole trapping at
impurities and crystal defects keep the hole
transport properties significantly lower (1e hole
mobility- hfetlme ploduct tnth ~ 0.3 x 10 em? V!
to 10 x 107% em® V!). Because of this, there has
been a major effort over the past decade to design
single-polarity spectroscopic CdZnTe detectors that
are insensitive to the transport of holes. These
designs include detectors based on coplanar
grid,”*® two-dimensional (2D) str 1}),26 27 9D pixel

28,29 30,31

array, Frisch ring,” and quasi- hem1spher1-
cal** ?* electrode geometries. Though successful in
low-flux spectroscopic applications, these detector
designs do not avoid the fact that the dynamics of
the holes play a dominant role in the performance
of CdZnTe detectors under high-flux irradiation
often encountered in x-ray imaging applications. A
major benefit of the method of multiple scales is
that it naturally extends to charge generation
sources relevant to x-ray applications. Therefore,
we begin by applying the method to the transport
of holes in the second small-current transient
example. Though this example only has an impulse
generation source, it will once again allow us to
compare the perturbation results with the exact
solutions (12). In the section “Continuous Genera-
tion Source,” we draw on experience gained in this
example when we consider the dynamics of holes
induced by a continuous carrier source.

The material parameters for this example are
summarized in the rightmost column of Table I. We
consider the same 3-mm parallel-plate detector

biased at 300 V. The transit time of the slow holes,
however, is now quite large (1, = 4 pus) compar ed
with both the trapping (1, ~ 0.3 us) and detrapping
(tp = 0.1 us) time so that 1, > t, + tp. In this limit
the holes go through multiple cycles of trapping and
detrapping as they transit the detector. This process
is depicted in Fig. 1a with the distribution of holes
fully trapping very rapidly on their way to the
cathode, and then detrapping after some time only
to move a small distance before trapping again. This
stop-go dynamic produces wave-like solutions for
both the free and trapped hole concentrations.
Space—time plots of the exact solutions (12) using
the material parameters from this example are
shown in Fig. 6. As pointed out by Zanio et al.,? the
solutions clearly show a wave-like behavior f'o1 both
free and trapped holes. They also point out that, due
to the time spent in stationary traps, the wave speed
is an effective speed defined by

Uoff = wE < . F, (36)

Th +TD

which is slower than the hole speed defined simply
by the carrier mobility and the electric field. The
slower effective speed of the holes results in an
effective transit time that is larger than that defined
by the hole mobility, Tefr > T). A schematic of the
resulting induced charge is shown as a dot-dashed
line in Fig. 1b. The linear rise time of the signal is
governed by the slower effective wave speed v, and
the signal reaches full strength due to the fact that
no holes are left trapped in the crystal. We now turn
to the multiple-scale analysis of this example.

The relevant scaling is that for slow carriers of
the section “Scaling for Slow Free Carriers” in
which the small nondimensional parameter
¢ = u, 1y V/L? represents the average fraction of the
detector thickness that a hole travels before it traps.
Specifically, we must solve Egs. 10a and 10b

ap — ed(p) = —p mgﬂp (37a)
D
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.1 3
op =—p— &p. (37b)
n ™

where, in light of Egs. 1la and 11b, we again
assume a uniform electric field ¢ = —1, and have set
k= + 1. As was done for the electron example in the
section “A Pulse of Fast Electrons” we use the
impulse nature of the source = pd(t)d(z —zy) to
replace it with the initial conditions

plz.t =07) = pi(z — zp) (38a)

plz.t =07) =0. (38b)

We take advantage of two distinet time scales in this
problem. The first scale is a fast time scale defined
by the trapping time of the holes and denoted by
t1 = t. The second is a slow time scale defined by the
transit time of the holes and is denoted by to =¢t. At
this point, we should note that we have not included
a constant parameter a in the slow time scale for the
holes as was done for the electrons, and described at
the end of the section “A Pulse of Fast Electrons.”
Recall that, for the electrons, we used the parameter
a to conserve charge at O(1). Considering Eqgs. 37a
and 37b, we can write the analog of Eq. 33 for the
holes as

1
o[ )z =l (39)
Jz=0

where we have assumed no holes are injected
through the anode. This expression states that the
total number of holes within the detector decreases
in time as holes exit through the cathode at z = 0.
However, contrary to the O(1) electron loss
described by Eq. 33, the loss of holes in Eq. 39 is
higher order due to the presence of ¢ on the right-
hand side. Therefore, we have no need to use the
parameter a to “tune” the slow scale to conserve
charge at O(1). In fact, we show in what follows that
the charge due to the holes is naturally conserved at
lowest order.

As was done before, the time variables {; and {,
are considered independent and define a two-scale
perturbation expansion for the free and trapped
hole concentrations

plz te) = polz.t1.ta) + ep1(z,t1.t2) + O(FZ) (40a)

Plz.tie) = polz.ti.te) + epi(z.t1, t2) + O(c?), (40b)

respectively. Substituting these expansions into
Egs. 37a and 37b, we find that py and pp must
satisfy

O(1) Problem:

dpo = —po + Jr:—zﬁo (41a)

. 1 Th .
BP0 = =Po — —Po (41b)
n D

Po(2,0.0) = pd(z — z0), polz.0.0)=0. (41e)

Comparing the above system to Kgs. 18a-18c for
fast electrons, we note that there is no longer a flux
term with a spatial derivative. The resulting dif-
ferential system has only time derivatives.

To solve this system, we substitute Eq. 41b into
Eq. 41a, and simplify the result to get

a;l(pg + npo) = 0, (42)

which, as claimed above, states that the total charge
density is conserved at this order with respect to the
fast trapping time scale. This can be immediately
integrated to get po + ypo=Clz,te), and subse-
quently used to find the following solutions for pg
and [30

polz.ty.ta)

T T Th+T
= Cl(z. ty) h D exp(--2 LS
Th +Tp Th +7TD m

(43a)

ﬁg(z.tl.tg):l L C(z.tg){l—exp (“M—TD“)}.
NTh +7Tn ™
(43b)

As in the section “A Pulse of Fast Electrons,” the
arbitrary function C(z,t3) must be consistent with
the initial conditions (41b) so that C(z.t,=0)=
@d(z — zp). Recall that the functional form of C is
chosen to eliminate secular terms at higher order
that would tend to introduce inaccuracies in the
perturbation expansion. Therefore, in order to set C,
we find that p; and p; must satisfy
O(¢) Problem:

I T ~ [
Op1=-p1+ ’F%Pl ~{dpo — d:po} (44a)

o 1 Th . .
0up1 = —p1 — —P1 — Do (44b)
" D
p1(2,0,0) =0, p1(2.0.0) = 0. (44¢)

At this order, substituting Eq. 44b into Eq. 44a
gives

(-)h(pl o ”pl) = {a.!g o o UZ}C(Z.tz)
T™h + p

__ ™ exp (— *h 1+ 7D tl)(‘)_,c. (45)
Th + D D _

Due to the fact that Clz,s) is independent of
t1, integrating the terms in curly brackets on the
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right-hand side of Eq. 45 with respect to ¢, will
result in secular terms unless we choose C such
that

8,0 - —2 5,0 =0, (46)
Th + TD
This equation, together with the fact that

C(z.ta=0)=pd(z —zp) can readily be solved using
characteristic variables and the result is

. tQ). (47)

Clz, ts) = g')(i(z —20 +
' h + Tp

Though we have not solved the O(¢) problem, using
it to set the functional form of C(z,t,) completes the
0(1) solution. We substitute C(z,t;) into the
expressions for pg and py in Egs. 43a and 43b, and
use the expansions (40) to write the perturbation
solution valid to O(e)

” T
p(z.t)—gk:o(z—zo +€ < t)
Th + TD

T T Th+71
X Nt gy ( W Ty +0(e)
Th+1ID Tht+t7Td 4]

h tl ™D
Th + ™ I Th + D

% {1 ~ exp (g i ek t) } +0(c). (48b)

D

plz,t) = ©d (z —zp+e€

As one may have anticipated, the multiple-scale
analysis has generated a solution in which both free
and trapped hole coneentrations are pulses moving
to the left toward the cathode. The pulses, however,
do not travel at the carrier speed defined by the
mobility, vy, = 1, E; rather they travel at the reduced
effective velocity given by

L Th Th
Ueff = —€ -
Th Th + 7D Th + TD

I OR (49)

which is identical to the reduced speed in Eq. 36
found by Zanio et al. in Ref. 3. We can now use these
approximate solutions to find the fraction of induced
charge as a function of time.

Charge Induction

In this section, we use Eq. 48a to compute the
fraction of induced charge as a function of time for
an interaction that takes place at an arbitrary depth
z =2z ¢ [0,1]. As was done in the section “Charge
Induction” under the section “A Pulse of Fast Elec-
trons” for electrons, we compute the total number of
excess free carriers in the detector by integrating
Eq. 48a over the entire detector,

Bale and Szeles
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Fig. 7. Time evolution of the integrated excess free and trapped
holes in the detector at three different temperatures. The multiple-
scale approximation for p(f) and p(t) is shown as a solid line at all
temperatures, while the full numerical solution is shown as squares
at 20 K below room temperature, circles at room temperature, and
triangles at 20 K above room temperature.
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9]
T D Th+ 7T
= b exp | — M
Th +Tp Th + 7D D

xH(zor = t), (50)

Th + TD

where H(x) is the Heaviside step function defined in
Eq. 14. The presence of the Heaviside function in
Eq. 50 represents the fact that the holes will exit
the detector through the cathode plane after a time
(th + tp)/(emh), which is longer than the hole transit
time. A similar integral can be taken of Eq. 48b to
yield the total number of trapped holes p(f) as a
function of time. Figure 7 compares the multiple-
scale approximations p(f) and p(¢) to full numerical
solutions at the same temperatures used in the
example of the section “A Pulse of Fast Electrons.”
In the figure, the multiple-scale functions are shown
as solid lines at each temperature, while the
numerical exact solution is shown as squares at the
lowest temperature, circles at room temperature,
and triangles at the highest temperature. We point
out that, at ¢ = 0, all the excess holes are free holes
as indicated in the figure. As time evolves, the
dynamics settle into a state in which a fraction
equal to 1,/(t;, + tp) of the holes are free, and a
fraction equal to tp/(ty, + tp) are trapped. Figure 7
shows that the multiple-scale solution approximates
the numerical solution very well. In fact, as long as
the holes are confined to the detector, the function
(50) is exact, as it is exactly the same result reported
in Ref. 3 originating from the exact solutions (12).
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The reason that the O(1) multiple-scale approxi-
mations (48) produce an exact representation of the
total number of holes is that the solutions conserve
charge identically, as stated in Eq. 42.

The fraction of induced charge can now be calcu-
lated by the time integral

concentrations, it does not produce uniformly
convergent solutions for the functions themselves.
The wave-like exact solutions (12) depicted in Fig. 6
show that the pulse of free holes spreads as it
travels. This causes holes at the front of the wave to
leave the detector first, and results in the smooth

ot
gft)=¢ / p—-—O(t)dt o
J0

£

T ™
by (
Th + D Th + D

? Th+ 7T Th + T
) (1—exp(— B Dt)) DL BB
m €Th

9 9 (61)
] Ttr Zo n zo(th + Tn) Th + D
=+ l—exp|  ——" t> —20.
Th +7TD €TRTD CTh

We point out that, since this is simply a time inte-
gral of the exact result (50), this is also an exact
result and is identical to that first reported in Ref. 3.
This expression has also been reported in Refs. 6
and 7. Figure 8 shows a comparison of the multiple-
scale induction (51) with a full numerical solution at
the same three temperatures. Once again, the
multiple-scale solutions are shown as solid lines at
all three temperatures, while the numerical exact
solution is shown as squares at the lowest temper-
ature, circles at room temperature, and triangles at
the highest temperature. Note that, as the temper-
ature is increased, the rise time of the signal is
decreased. This is due to the fact that, as the tem-
perature is increased, the detrapping time, tp, is
decreased and the effective velocity (49) is
increased.

A close look at Fig. 8 reveals a slight deviation
between the numerical and perturbation solutions
as the signal reaches full strength (i.e., as the holes
exit the detector). This stems from the fact that,
even though the multiple-scale method produces
exact integrals of the free and trapped hole

0.8 4
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Num. Exact (276 K)

—— Multiple Scale

0.0 ’T_- T T T T T T T
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T/
Fig. 8. The fraction of induced charge at three different tempera-

tures generated for an interaction at the anode plane and CdZnTe
material parameters listed in the rightmost column of Table I.

transition to the maximum signal for the numerical
exact solution in Fig. 8. This is not captured by the
multiple-scale perturbation solution of O(1) since
the Dirac delta function in Eqs. 48a and 48b require
all holes to exit simultaneously.

CONTINUOUS GENERATION SOURCE

In the previous section, we applied the method of
multiple scales to small-current transient examples
for both fast electrons and slow holes in semi-
insulating CdZnTe. The approximate solutions were
shown to be accurate when compared with both
exact and full numerical solutions. However, the
examples were limited to a small and instantaneous
injection of charge. Such examples are well suited
for spectroscopic applications in which the count
rates are low, but continuous charge generation
sources are necessary to explore the dynamics
under high-flux rates often encountered in x-ray
applications.

Recall that the exact solutions (12) were derived
using Laplace transforms. Unfortunately, slight
generalizations of the impulse source in that meth-
od can render the inverse transform integrals ana-
lytically intractable. The method of multiple scales,
on the other hand, can be applied to a larger class of
charge generation sources. To demonstrate this, we
give one such example relevant to high-flux x-ray
imaging applications in this section and consider a
photon field with uniform flux, ®., describing the
number of photons per square centimeter per sec-
ond (ecm 2 s7!) that is perpendicularly striking a
detector face with area A. Assuming that the photon
energies can be represented by the average energy
E., the generation rate of electron—hole pairs within
the detector is exponentially distributed and has the
form

Y(Z) = (l),lf%%eﬁz”‘H(Z)H(L - Z)H(T), (52)
where H(x) is, once again, the Heaviside step func-

tion used to ensure that the x-rays are turned on at
T =0, and that photons only interact within the
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detector defined by Z € [0,L]. In Eq. 52, ¢ represents
the pair creation energy, and A — A(E,) = u(E.)"
is the mean distance a photon with energy E. trav-
els before interacting in the CdZnTe crystal (i.e., the
inverse of the linear attenuation coefficient). In
order to apply our multiple-scale technique, we
nondimensionalize Eq. 52 as

OE.1 .,
U(z) = p-——"= e/ H(z)H(1 - 2)H(t)
eq o .

= g %e“’“H(z)H(l —2)H(t). (53)
where we have introduced two nondimensional
parameters, the absorption length scale, . = A/L,
and the nondimensional parameter Yo = (1,®.L.)/
(Pequ}

Further, we assume a CdZnTe crystal with high
electron transport and rathel low hole trans—
port (i.e., feTe ~ 1072 em? V! and ppt ~ 107 m?
VY. Under these conditions, the majority of the
holes generated by the source are trapped while a
large fraction of the generated electrons transit
through the detector. Consequently, the concentra-
tion of both free and trapped electrons is much
smaller than that for the holes and their dynamics
can be neglected. The relevant system of equations,
therefore, is system (10a) for slow-moving holes
with ¥ defined by the monoenergetic source (53).

This example is unlike the previous examples of
the section “Small-Signal Current Transients” due
to the fact that we have a continuous source of holes,
and therefore anticipate a solution that is not bound
in the case of zero drift velocity. Physically, if there
is no hole flux out of the detector, the continuous
generation of holes will result in both free and
trapped hole concentrations that blow up ast — oo.
To illustrate this point, consider the simple drift
equation d,u — vd,u = exp(—z//) with speed —v and
exponential source. This equation can be exactly

solved with initial conditions u(z, ¢ = 0) = 0 to yield a
solution
4 z v
u(z.t) :Eexp(—ﬂ [lfexp (-—Ztﬂ. (54)

in which it is clear that, since lim,_. u is inversely
proportional to the speed v, u — o as the velocity
vanishes v — 0. We point out that the drift speed
in the flux term of Eq. 10a is given by the small
parameter ¢. Therefore, similar to the solution (54),
we anticipate a dominant solution for the concen-
trations of both free and trapped holes to be
inversely proportional to ¢, and seek a solution w1th
leading term, not of 0(1) but rather of O(e 1y,

Specifically, we assume perturbation expansions of
the form

1
plz.t) = ?1171(2-??1-152) +po(z.t1.t2)

+ epi(z. t1.ta) + O(€%) (55a)

Bale and Szeles

. 1. "
p(z,t) = :p—l(z-tl-tE) + Polz,t1,t2)

+epi(z, b, t2) + O(e2) (55b)

B(z2,t) = Polz. t1.t2) + ¢y (2,81, 82) + O(e%).  (55¢)

Substituting these expansions into Egs., 10a—10c
yields the dominant dynamical system
O(1) Problem:

Bup1=—p-1+n2p_y (56a)
D
o 1 -
Qs ==P.g= T—]1)-1 (56b)
1 D
Py =0, (56¢)

where in Eq. 56¢ we have used the fact that typical
values for the equilibrium concentratwn of holes in
CdZnTe are Uyq ~ 10° em ™ to 10° em  so that 7 as
defined in Eq. 6 satisfies y < 1. The solutmn of
Tlq. 56c is, once again, sunply e=—1 so that
Egs. 56a and 56b have identical form to Egs. 41a
and 41b from the section “A Pulse of Slow Carriers.”
It follows that the solutions for p_; and p_; have the
same functional form as py and po in Egs. 43a
and 43b, namely

Th (3)) _Ih iy,
_1(z. t1.ts) = C(z,t m
p-i(z.t1.t2) (z 2)(TI1+TD Th+‘fne ' )
(h7a)
(35}

(1 . e‘”‘%“). (57b)

N 1
p-1(z.t1,t2) = ’—]C(z.tg)

Th +TD
It is assumed that there is no excess charge in the
detector before the source is turned on so that
plz,t=0)=p(z,t= 0) 0, and we must find C such
that Clz,to = 0) =

Following the examples of the section “Small-
Signal Current Transients,” C(z,t3) is used at the
next order to eliminate secular terms. To that end,
the O(1) problem can be written

O(1) Problem:

Onpo+ dp 1 — 0:p

= —po + n—po + l;'l e?"H(1 -z)  (58a)
1 Th .

pPo+ dup-1 = —;Pn — —pg (58h)

po(2.0,0) = pg(2,0.0) =0, (58¢)

where the source of free holes appears in Eq. 58a.
We point out that we have simplified the source by
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dropping the factor H(z) because Eq. 58a represents
a hyperbolic partial differential equation with only a
left-going characteristic, meaning that holes gener-
ated on the negative z-axis cannot affect the solu-
tion on the domain z = 0. Similarly, we have
dropped H(¢) in light of the initial conditions in
Eq. 58c.

Using the same solution technique that was pro-
ven successful in the section “A Pulse of Slow Car-
riers,” we substitute Eq. 58b into Eq. 58c¢ to obtain

A (p+np) = {iﬂf?C(z.tg) —v,C(z,ta)

= |/;G%e"z*J"H(1 - z)} + ve*%"@C(z.tg).

(59)

in which we have simplified notation by defining the
nondimensional parameter

Th (60)

¥

7‘Ch+TDI

We point out that the terms gathered in the brack-
ets on the right-hand side of Eq. 61 are independent
of t,. Therefore, integrating this equation will lead
to secular terms unless we choose C(z,t,) such that it
satisfies the partial differential equation

1
0,C(2.tz) — v0,C(z,t2) = Yoz e "H(1~2).  (61)

As one might expect, since v € (0,1) is a constant
independent of both ¢, and z, this equation describes
the excitation of holes throughout the depth of the
detector, and their subsequent drift toward the cath-
ode along straight left-going characteristic curves. We
use the characteristic variable 0 =1 — z — viy,
together with initial conditions C(z,t, = 0) = 0 to solve
Eq. 61 with solution

1 ; g
C(z,t2) = —thee " {1 e MH(G) — e M IHH(—07)].
-
(62)
This solution for Clz,t;) can be substituted into

Egs. 57a and 57b to complete the dominant 0
solutions for p_; and p_1,

p(z.t) = ./;D\‘—lce [1 ~e HH(0T) - e'%‘l‘z‘H(ff)’)]

P [v +(1 - \')e“ll_‘] +0(1) (63a)

Bl ) = g e—te— {1 e HH(07) —e’%tl"”H(fH*)}

nve

X [1 fe_"_‘] +O(1) (63b)

Figure 9a shows the space-time evolution of the
solution (63a) for the free hole concentration p(z,t),

while Fig. 9b shows the solution (63b) for the trap-
ped concentration p(z, ¢). In this example, we set the
bias voltage to 300 V, the temperature to 296 K, and
the photon energy such that A/L = 1/6. Both solu-
tions clearly show an initial period of charge up due
to the continuous source, then reach a steady state
in which the flux of holes out of the detector is bal-
anced by the generation due to the source.

We have made mention of the fact that the
dynamics of the holes are the dominant factor in the
performance of CdZnTe detectors under high-flux
irradiation often encountered in x-ray imaging
applications. This is due to the fact that, as the
event rate increases, the steady state shown in
Fig. 9 reaches larger concentrations of both free and
trapped holes. The dominant terms of the resulting
positive space charge buildup is, of course, captured
by Egs. 63a and 63b. That is, an approximation to
the total positive charge density can be obtained
simply by summing the free hole density (63a)
together with the trapped hole density (63b)

p(Z.T) =qPeg|p(Z.T) +1p(Z.T)]

= (I):'EZ‘Q*Z.’,\ 1-exp(=53T) T< l;:ﬁz
Uetrt 1-exp(-L58)  T>LZ

(64)

where we have expressed the result in physical
coordinates for space and time, Z and T, and used the
effective velocity of holes vy previously defined in
Eq. 49. This approximation to the buildup of positive
charge density in the detector is compared to a full
numerical solution in Fig. 10 for a 3-mm detector at
room temperature biased at 300 V, and exposed to a
source with A/L = 2/3. The numerical solution is
shown in Fig. 10a, and the space-time evolution of
the multiple-scale solution (64) for the same problem
is shown in Fig. 10b. Note that, since A/L is so large
for this example, there are photons penetrating the
entire detector thickness. Therefore, the charge
density generated near the anode plane tends to
move toward the cathode as seen in the plots. There is
very good agreement between the full numerical
solution and the multiple-scale analytical solution.

The total charge in the detector is simply the
space integral of Eq. 64 over the surface area A, and
the thickness of the detector, which yields

QT)
_ARE
Veffé
1-exp(—%T) % Texp(-%) T<L/ver
X{ 1-(1+L)exp(-%) T>L /.
(65)

Figure 11a shows the time evolution of the positive
space charge described in Eq. 65 at the same



